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Abstract
Solving the linear equation system n x n can also be a
problem for a computer, even when the number of equations
and unknowns is relatively small (a few hundred). All existing methods are burdened by at least one of the following
problems: 1. Complexity of computation expressed through
the number of operations required to be done to obtaining
solution; 2. Unrestricted growth of the size of the intermediate result, which causes overflow and underflow problems;
3. Changing the value of some coefficients in the input system, which causes the instability of the solution; 4. Require
certain conditions for convergence, etc. In this paper an approximate and exact methods for solving a system of linear
equations with an arbitrary number of equations and the
same number of unknowns is presented. All the mentioned
problems can be avoided by the proposed methods. It is
possible to define an algorithms that does not solve the system of equations in the usual mathematical way, but still
finds its exact solution in the exact number of steps already
defined. The methods consists of simple computations that
are not cumulative. At the same time, the number of operations is acceptable even for a relatively large number of
equations and unknowns. In addition, the algorithms allows
the process to start from an arbitrary initial n-tuple and
always leads to the exact solution if it exists.

2010 Mathematics Subject Classification. Primary: 15A06; Secondary:
65F99.
Key words and phrases. Linear system, a large number of unknowns.
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Preface
There are a number of methods for solving the linear equations
system. The problem with them is that there are numerous application problems even on a systems with a relatively small number of
unknowns. The main disadvantage of already known methods is that
all these methods are adapted for a human. The linear systems with
a large number of unknowns need not be adapted to human. The
methods proposed here do not therefore belong to mathematics in
the narrow sense. In each of the methods presented here, a certain
invariant property was used in relation to the solution of the linear
systems. That’s why these methods belong to cybernetics. Although
the practical need for solving a large systems is still not needed, the
authors believe that this will soon be. These methods will be very
useful to all those who will deal with this problem in the future.
The algorithms that are an integral part of this material are such
that the reader can download them and practically check. Programs
can serve the reader for his own work in an attempt to contribute to
the optimization of the exposed methods. The written algorithms can
be applied only to systems that have a unique solution. The reader
can make his own efforts to further implementation the algorithm and
for the remaining cases. At the end of each chapter, questions are
put to the reader, and if they can answer them, they can give their
concrete contribution to this issue.
We want to thanks: Radiša Stefanović, Draganu Milovanović and
Djordje Marjanović who participated in the preparation of this material.
Aleksa Srdanov
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Method of Internal Spiral for Solving
Large Linear Systems
1.1. Introduction

Let us assume that a linear system of eight equations with eight
unknowns is given, which we want to solve by hand using Cramers
rule. In order to find eight unknown values, it is necessary to calculate the values of nine determinants order eight. Calculating one
determinant order eight requires 322560 binary operations, 282240
multiplication and 40320 addition. The entire procedure requires
just under 3 million operations. If we performed every operation in
one second, it would take about three million seconds to solve the
entire system. That is about 57 days, with one operation being done
every second and without pausing for anything else. Even though
one would eventually obtain a solution, this procedure is impossible
because we would require even more time to just keep a record of
large numbers which we calculated. In addition to the specified time
limit, it is unrealistic to expect from anyone, without the help of
a computer, to carry out these operations without making a single
mistake.
The application of the matrix method is no less complicated than
using Cramers rule. In addition, using either of these methods for
some fifty unknowns, even for modern computers, would constitute
unacceptable application procedures due to the unexpectedly large
number of operations required. With the Gaussian method, the 8x8
could be solved by hand. In order to solve such a system, the number
of operations needed to be done is about a thousand times smaller
compared to the number needed when using Cramers rule. If the
number of unknowns increases to fifty, the application of the Gaussian
method is not a practical one. The number of operations required to
implement the Gaussian method is significantly lower in relation to
the above, but the application of this method uncovers a series of
other unexpected problems. One of them is that even for a relatively
small number of equations and unknowns the intermediate results can
become unexpectedly large or have underflow. The second reason is
1

2
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that the Gaussian method changes the values of the initial coefficients,
which is inadmissible due to the pronounced instability of the solution
of the linear equations. (Small changes in the coefficient values can
result in a large changes in the value of the solution [13],[6],[1]).
If we perceive mathematics as a science oriented primarily towards human as the subject of its application, then the problem posed
in the title is not mathematical. It is essentially purely computational
because the just set up of the system is absolutely impossible without
the help of a computer. It would take a lifetime for anyone just to
write a thousand equations with a thousand unknowns, a accuracy
not to mention.
Therefore, it would be of great benefit if we could define a method
that:
1) Request the smallest possible number of the necessary operations
for execution;
2) Does not produce unexpected overflow and underflow effects;
3) Does not change the coefficients of the starting system;
4) It is applicable to an arbitrarily large system of equations with the
same number of unknowns;
5) Does not require any system matrix properties;
6) Unconditionally and relatively quickly converges from an arbitrary
starting point.
1.2. Problem setting

Suppose a system of n equations with n unknowns (n much
greater than 100) is stored in the computer’s memory. Let the system
have the following form:
a1,1 x1 + a1,2 x2 + a1,3 x3 + · · · + a1,n xn = b1

(1.1)

a2,1 x1 + a2,2 x2 + a2,3 x3 + · · · + a2,n xn = b2
...

an,1 x1 + an,2 x2 + an,3 x3 + · · · + an,n xn = bn

For example, for n = 10000, the system (1.1) can only be formed
by the computer within its memory. (If we assume that every second
a person writes down only one coefficient with the corresponding unknown, then in order to write down the first equation, it would take
ten thousand seconds, which is a little less than three hours. Thus,
with the given assumptions, it would take just over three years to
write down the whole system!) It is possible to define a procedure for
solving the observed system which has minimal, almost trivial calculations, and then, if the solution exists, it must necessarily converge
to it.

1.3. DESCRIPTION OF THE PROCEDURE

3
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For the system (1.1), the only assumption is that there is a solution and that when checking this solution in any of its equations
there is no overflow in the intermediate results, because if this were
to happen then the system cannot be solved in such an environment.
For such a problem authors are not aware whether mathematics
has a procedure to solve it. For this paper it is important that the
cybernetic approach solves this problem elementarily simply. A cybernetic approach does not require solving a system of equations, in
the classical sense, in order to arrive at a solution. (Often it is very
difficult for some domain to distinguish which scientific area belongs
to. For the method described here, by way of analysis and approach
to the problem it can be said that belong to cybernetics.)

1.3. Description of the procedure

Each equation in the given system (1.1) contains a large number of information. One of them is that each equation, geometrically,
is one hyperplane within a space whose dimension no more than the
number of unknowns. Some of these informations can be used in the
process of finding a solution. The procedure can be described in a
picturesque way as follows: To find the solution we can start from
any point in Rn . The most convenient is the point (0, 0, . . . , 0). Let’s
just consider the first equation separate from the rest. If the solution
of the system exists then the solution is one of the hyperplane points.
One cannot know which point that is so, therefore for the first approximation we can take any point, and it is convenient that it is the
base of the normal from the starting point to the first hyperplane.
Let’s move on to another equation. If the solution of the system exists, the two hyperplanes intersect. However, it is not necessary to
calculate this intersection. It is enough to set the normal of another
hyperplane through the reached point and find its intersection with it.
The well known fact is: ”The cathetus is shorter than hypotenuse”.
(see Figure 1.) Therefore, by ”descending” along the normals we approach the solution, provided that if it exists. This procedure should
be applied to the remaining equations (hyperplanes) in an analogous
way, each time from the reached base it should be ”put down” by the
normal into the next hyperplane.
Each equation (hyperplane) contains the exact information about
the vector of its normal. For the given system, the coordinates of
the normal vector of all hyperplanes are determined by the system’s
coefficients (1.1):
→

vi = (ai,1 , ai,2 , . . . , ai,n ) , i = 1, 2, . . . , n.

1. METHOD OF INTERNAL SPIRAL
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Figure 1. The idea of Internal spiral method

The method of finding an intersection of a normal from the point
with the corresponding hyperplane contains minimal computation.
Let a series of points


(k)
(k)
(k)
y1,j , y2,j , . . . , yn,j , j = 1, 2, . . . , n

represent the intersection points of the same iteration step k, k =
1, 2, . . . When we make a full circle from 1 to n with the index k,
the next iteration step according to the index k + 1 begins. Calculating the coordinates of the next point within the same iteration is
performed as follows.
 Let it be in the
 j-th semi step in k-th iter(k) (k)
(k)
ation at the point y1,j , y2,j , . . . , yn,j . To move to the next point


(k)
(k)
(k)
y1,j+1 , y2,j+1 , . . . , yn,j+1 , 1 ≤ j ≤ (n − 1), you need to first calculate the number
Pn
(k)
bi − i=1 ai,j · yi,j
t=
.
→ 2
vi
→

The vectors norms vi , are only counted once at the beginning of
the algorithm. Then all the coordinates of the next semi point are
counted in the formulas:
(k)

(k)

ym,j+1 = am,j · t + ym,j ,

for all m = 1, 2, . . . , n.
When the passage through all the equations ends, the iterative
step ends. The next iterative step begins by re-descending by the
normal from the reached point of the last hyperplane to the first.
After a full circle and completion of one iteration it is checked whether
the required accuracy has been reached. This can be achieved by
checking whether the distance between the two successive iterations

1.4. AN IMPOSSIBLE AND UNDETERMINED SYSTEM
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process is interrupted. This will be discussed further in detail.
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If the given system (1.1) does not have a solution, the procedure described can detect this. As such, it is necessary to remember
the complete steps in two consecutive iterations. Geometrically, the
solution does not exist if all the hyperplanes do not have a common intersection. Assume that the system (1.1) has a unique solution within n-dimensional space. Then each equations is hyperplane,
which are (n − 1)-dimensional its subspace. Each two hyperplanes
have an intersection which is the (n − 2)-dimensional subspace of the
initial one. Every three hyperplanes have an intersection which is
(n − 3)-dimensional subspace of the starting one, etc. In the same
way as indeterminable systems, impossible systems can be sorted in
the following way:
1) An impossible system is of the level zero if every two hyperplanes have an empty intersection.
2) None of the three hyperplanes have a common point. An
impossible system is of the level one if there are exist at
least one pair hyperplanes that has intersection but this
intersection are disjunctive in relation to the remaining hyperplanes.
3) None of the four hyperplanes have a common point. An
impossible system is of the level two if there are exist at
least one threesome hyperplanes that has intersection but
this intersection are disjunctive in relation to the remaining
hyperplanes, etc.
• ...
n-1) An impossible system is of the level (n − 2) if exist n − 1 hyperplanes which has intersection but obtained intersection
are disjunctive in relation to the remaining hyperplane.
Previous systematization is illustrated in the following Figure 2.
for case n = 3. Levels higher than zero have a number of different
instances.
In the proposed procedure, this can be concluded if at
some position on a two adjacent semi steps in a two successive iterations, some two coordinates are equally distant (for example, this
is the case when there are two adjacent parallel hyperplanes, but
not only then). There is no convergence and there never will be because in this case the cathetus is the equal to the hypotenuse. Given
the procedure of resolving as soon as something like that is established, the procedure should be interrupted. And when the parallel
hyperplanes are not adjacent, it can be ascertained that the system

6
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is impossible in the following way: In every iterative step, there is a
maximum distance. When it’s determined that one moment it does
not decrease the system is impossible. For a large systems, this check
is not a procedure that could be specified as a simply. For its implementation within the general algorithm, the number of operations
to be applied would be significantly increased. Such a procedure can
be applied only in the cases where expected accuracy has not been
achieved after a certain number of iterations, so a reason is desired.

Figure 2. Impossible levels for n = 3

If the system is indeterminable then there is a gradation of uncertainty with the degrees of freedom. In this example, the system
can have a degree of freedom from 1 to n − 1. If the degree of freedom is one, all the hyperplanes have a common line; If the degree of
freedom is two, all of them have a common plane; If the degree of
freedom is three, all of them have a three-dimensional space within
the n-dimensional space, etc.; If the degree of freedom is n − 1, then
all the equations of the system represent one of the same hyperplane
within the space of dimension n.
In the proposed algorithm, it is easier to just state that the system is undetermined, because anything more than that would require
much more checking, which is not of a great importance for this book.
In order to establish that the system is undetermined, with the degree
of freedom n − 1, it suffices to show that after the first iteration we
remain in the same starting point of the first hyperplane. In order to
find out that the system is indeterminate, of some lesser a degree of
freedom, it is necessary to repeat the whole described procedure from
different starting points. When the system is indeterminate, the program should start from two different starting points. Two different
solutions will appear, which is a sign of the in-determinability of the
system.
In the general case, it is necessary to remember at least a three
consecutive iterations. When it is established that there are at least
two corresponding semi iterations with values (on the same coordinates) that behave homothetically, then the procedure should be

1.5. CONVERGENCE AND SPEED

7
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terminated because there will be no solution even to satisfy the accuracy, since in this case, you get only one of the infinitely many
possible solutions. This should be checked for each coordinate, but
also for a pair, a triple, . . . of the corresponding coordinate values in
every three consecutive iterations. When it is determined that there
is homotopy within some m coordinates, we can then conclude that
the system is indeterminate of the degree m.
If all of the hyperplanes have a common line, then the iterations
are spirally approaching the solution. This can be observed in three
consecutive iterations if all the corresponding coordinates of the obtained that points are homothetically different by the same size. If
the system has a degree of freedom of order two then, there are two
homothetics with the same trait that can be observed in four different
successive iterations, etc.

1.5. Convergence and speed

A strict mathematical proof would require a lot of space, and
itself would be a separate work. In this paper, we will present a
draft of such a proof, which in turn requires the introduction of completely new concepts that need to be specially defined. One of them
is the generalization of the concept of the angle between two threedimensional spaces within the same four-dimensional space. This can
be done in a completely analogous way, as the three-dimensional space
defines the angle between the two planes as the dihedral angle. Thus,
the angle between two different three-dimensional spaces can be seen
in the intersection with the third three-dimensional space (the third
three-dimensional space is normal to the previous two) all of which are
in the same four-dimensional space. This process continues further
when it is desired to define the angle between two four-dimensional
spaces within a five-dimensional space, etc.
Let the linear system of equations n x n, n ∈ N, be given and
has for the solution point Y (y1∗ , y2∗ , . . . , yn∗ ). Let’s mark
 the starting
(k) (k)
(k)
(k)
point with Y0 and mark with Pi
y1,i , y2,i , . . . , yn,i , i = 1, 2, . . . , n
points of the iteration k = 1, 2, . . . , obtained by the proposed method.
(k)
Now, with dj , j = 1, 2 . . . , n mark the distances between the solution
(k)

(point Y ) and the passing points of the all iteration (Pi ). With d
we denote the distance of the starting point from the solution. Then
(1)
after the
 first stepof the first iteration, the following applies: d1 =
(1)

d · cos ∠Y0 Y P1
(see Figure 3.). In every dihedral normals always
”fall into” an acute dihedral angle that can be zero only if the system
has no solution (it can not be known whether it is undetermined or

8
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n > d1 > . . . .
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As the procedure in the following iterations is extended in an
analogous way, we conclude that the method always converges provided the system has a solution. The speed is not constant and

Figure 3. Position of the points relative to the solution

depends on the angles that make up two consecutive points with the
point of the exact solution. For the angles closer to the right angle convergence speed are greater. If all the angles are very small,
acute angles, the convergence rate would be slower in that case. If all
the angles are right angles, to obtain the correct solution, one single
complete iteration are enough.

1.5.1. Number of operations required. It is not necessary to recalculate the already calculated length of the vectors of the
normal, and for them it is necessary to perform 2n2 operations. To
calculate each single point within an iteration, n2 operations are required, and for the one whole one iteration, a total of n3 operations.
The solution is reached after the m step, and as a conclusion it can
be said that the number of operations required in this method is n3 .

1.6. EXAMPLE
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43x1 − 11x2 + 13x3 − 17x4 + 19x5 − 23x6 + 29x7 − 31x8 + 37x9
− 41x10 = −496
41x1 − 43x2 + 11x3 − 13x4 + 17x5 − 19x6 + 23x7 − 29x8 + 31x9
− 37x10 = −1008
37x1 − 41x2 + 43x3 − 11x4 + 13x5 − 17x6 + 19x7 − 23x8 + 29x9
− 31x10 = −204
31x1 − 37x2 + 41x3 − 43x4 + 11x5 − 13x6 + 17x7 − 19x8 + 23x9
− 29x10 = −864
29x1 − 31x2 + 37x3 − 41x4 + 43x5 − 11x6 + 13x7 − 17x8 + 19x9
− 23x10 = 0
23x1 − 29x2 + 31x3 − 37x4 + 41x5 − 43x6 + 11x7 − 13x8 + 17x9
− 19x10 = −864
19x1 − 23x2 + 29x3 − 31x4 + 37x5 − 41x6 + 43x7 − 11x8 + 13x9
− 17x10 = 204
17x1 − 19x2 + 23x3 − 29x4 + 31x5 − 37x6 + 41x7 − 43x8 + 11x9
− 13x10 = −1008
13x1 − 17x2 + 19x3 − 23x4 + 29x5 − 31x6 + 37x7 − 41x8 + 43x9
− 11x10 = 496
11x1 − 13x2 + 17x3 − 19x4 + 23x5 − 29x6 + 31x7 − 37x8 + 41x9
− 43x10 = −1008

The exact solution of this system is:
x1 = 11; x2 = 13; x3 = 17; x4 = 19; x5 = 23; x6 = 29; x7 = 31;
x8 = 37; x9 = 41; x10 = 43.
In order to write a program according to the described algorithm
it is not necessary to include anything additional in terms of complexity, because the method does not change the coefficients of equation
and does not count anything except the values of each equation at
individual points.
After starting a very simple program written in the described
algorithm which can have the following set-up:

#include <i o s t r e a m >
#include <cmath>
#define n 10 // number o f t h e unknowns
#define E p s i l o n . 0 0 0 0 1 // accurancy
double a [ n ] [ n ] , B [ n ] ;

10
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void C a l c u l a t e I t e r a t i o n ( double X1 [ ] [ n ] , double X0 [ ] ) ;
using namespace s t d ;
int main ( ) {
double X1 [ n ] [ n ] , X0 [ n ] , E p s i l o n , ReachedAccuracy = 1 . 0 ;
int i , k=0;
i f s t r e a m c o e f f ( ” c o e f f . t x t ” ) ; // l o a d i n g t h e s i s t e m
f o r ( i = 0 ; i < n ; i ++)
f o r ( j = 0 ; j < n ; j ++) c o e f f >>a [ i ] [ j ] ;
coeff . close ();
ifstream coeff1 (” r e s u l t . txt ” ) ;
f o r ( i = 0 ; i < n ; i ++) c o e f f 1 >>B [ i ] ;
coeff1 . close ();
f o r ( i = 0 ; i < n ; i ++) X0 [ i ] = 0 ;
while ( ReachedAccuracy > E p s i l o n ) {
C a l c u l a t e I t e r a t i o n ( a , B, X1 , X0 ) ;
ReachedAccuracy = 0 . 0 ;
k++;
f o r ( i = 0 ; i < 1 0 ; i ++)
ReachedAccuracy+=pow ( ( X1 [ n − 1 ] [ i ]−X1 [ n − 2 ] [ i ] ) , 2 ) ;
ReachedAccuracy = s q r t ( ReachedAccuracy ) ;
}
cout<<” Achieved i n ”<<k<< ” i t e r a t i v e s t e p s ” ;
f o r ( i = 0 ; i < n ; i ++) cout<<X1 [ n − 1 ] [ i ]<< ” ” ;
c o u t << ” \n” ;
system ( ” pause ” ) ;
return 0 ;
}
void C a l c u l a t e I t e r a t i o n ( double X1 [ ] [ n ] , double X0 [ ] )
{
int m, k ;
double t , br , im ;
f o r (m = 0 ; m < n ; m++) {
br = . 0 ;
im = . 0 ;
f o r ( k = 0 ; k < n ; k++) {
br += a [m] [ k ] ∗ X0 [ k ] ;
im += a [m] [ k ] ∗ a [m] [ k ] ;
}
t = (B [m] − br ) / im ;
f o r ( k = 0 ; k < n ; k++)
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X1 [m] [ k ] = a [m] [ k ] ∗ t + X0 [ k ] ;
f o r ( k = 0 ; k < n ; k++)
X0 [ k ] = X1 [m] [ k ] ;
}
}
We receive the following report:
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The solution is reached in 205 iterative steps.
x1 = 10.9999 x2 = 12.9998 x3 = 16.9998 x4 = 18.9999 x5 =
23
x6 = 29.0001 x7 = 31.0002 x8 = 37.0002 x9 = 41.0001 x10 =
43.
Press any key to continue . . .

The proposed algorithm should be significantly expanded and
improved by other possibilities given by the proposed method. For
this example, the speed and accuracy in this paper are of greater
importance than the other problems listed. Thus, the program is
written in a maximally simplified algorithm which in turn can be the
core and a more serious algorithm.

1.7. Conclusion

This proposal of the approximate method asks the justified question: ”Is it possible to cybernetically formulate a method that is not
excessive calculable and can lead to an exact solution?”
The proposed method offers an extremely simple process, from
a computers point of view. Such a problem is an example of a task
that only a computer has grown capable of solving. In addition, this
method:

i) Requires the number of operations that can be done in realtime from a point of view of powerful computers;
ii) Does not produce an uncontrolled growth or decreasing of
intermediate results unless the size of the solution itself does
not cause it. Then it is impossible to avoid any no matter
the method;
iii) Does not change the coefficients of the initially set system
and thus can not cause the instability of the solution;
iv) If the solution exists, it always converges. In doing so, the
process can be started from any point in the space to which
the solution belongs;
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v) Is very simple to compile an algorithm and allows the detection of cases where the system is impossible and undetermined.
vi) At every step, the error is reset. The total method error is
the one that is done in the last step.
What should be improved?
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i) Find a simpler solution to verify accuracy.
ii) Find a way to accelerate the convergence process.
iii) Supplement the algorithm by determining when the system
is impossible.
iv) To establish that the system is indeterminate, it is sufficient
to start it twice from two different starting points. Can it
be simpler?
v) In particular, consider the case when this method ”falls”
into the clew which all dihedral angles are very small.

CHAPTER 2
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The Method of External Spiral for
Solving Large Linear Systems
2.1. Introduction

If we perceive mathematics as a science oriented primarily towards a man, as a subject of its application, the problem of solving
large systems of linear equations is not a mathematical one. It is essentially the problem stemming from computer science since the very
forming of such a system is impossible without the help of computers. Let us suppose someone need to solve the full system of linear
equations having a very large number of equations and unknowns,
e.g. n > 1000 or more. In order to solve such a system it is necessary
to devise a method which:
1) Requires execution of the least possible number of operations;
2) Does not require exhaustive memory usage;
3) Does not produce unexpected overflow and underflow effects;
4) Does not change the coefficients of initial system;
5) Can be applied for an arbitrary large system of linear equation;
6) Does not impose that the systems matrix has any particular
additional feature, and
7) Unconditionally and quickly converges starting from an arbitrary initial point.
Existing methods do not meet at least one of the issues listed
above.
Exact solution to the system of n x n has n2 +n coefficients. Each
of solution components (unknowns) functionally depends on every
individual coefficient of the system, and the number of unknowns is
exactly n. The number of coefficients is of order n2 . This implies
that a minimum number of operations required to obtain the exact
solution of the system of n x n is proportional to the number n3 ,
in general. If we want to reach a solution using less operations it is
necessary to seek the approximate methods or approximate solution.
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