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UNCERTAINTY 
 
 
“The more precise the knowledge of a particle’s position the less precise the knowledge of that 
particle’s momentum.” - Werner Heisenberg’s Principle of uncertainty 
 
“That God chooses to play with dice I cannot believe”  -  Albert Einstein 
 
“All events, even those which on account of their insignificance do not seem to follow the great 
laws of nature, are a result of it just as necessarily as the revolutions of the sun… Present 
events are connected with preceding events by a bond based upon the evident principle that 
something cannot occur without a source which produces it.”  –  Marquis de Laplace Pierre-
Simon 
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Introduction 
 
 To lay a foundation for the understanding of the concepts developed in this dissertation, I  will 
define uncertainty by presenting an overview of probability and statistics as used in our day-to-day 
activities.  I will explore the basic principles of probability, univariate and multivariate statistics, data 
clustering and mapping, as well as time sequence and spectral analysis 
 
 I will use examples from the oil and gas exploration industry not only because that is what I know 
best, but also because the risks taken in this industry are normally quite large and are ideal for showing 
the application of the various techniques for minimizing risk.  
 
 I will treat basic risk analysis, spatial and time variations of risk, geotechnical risk analysis, risk 
aversion and how it is affected by personal biases, how to use portfolios to hedge risk, as well as the 
application of real options. Subsequently, I will treat fractal analysis and its application to economics and 
risk analysis and compute some examples showing the change in the Value at Risk under Fractal 
Brownian Motions. Finally, I will discuss how to combine some of these risks and risk factors into a 
single neural network application to simultaneously predict the best forecast possible given a certain 
knowledge base and multiple data sets. 
 
 The chapters will discuss: 
  

• Basic probability techniques and uncertainty principles 
• Analysis and diversification for exploration projects 
• The value and risk of information in the decision process 
• Simulation techniques and modeling of uncertainty 
• Project valuation and project risk return 
• Modeling risk propensity or preference analysis of exploration projects 
• Application of fractals to risk analysis 
• Simultaneous prediction of strategic risk and decision attributes using multivariate statistics and 

neural networks 
 
I will use commercially available software to demonstrate with examples. The packages used will be: 
  

 Excel® for all simple examples  
 Crystal Ball® mainly for Monte Carlo simulations  
 Mathematica® to develop and write the fractal and neural network procedures and more 

complicated mathematical and statistical examples, as well as most of the figures. 
 
All data sets and examples shown have been fully worked and computed from scratch.  
 
 Mathematica® is one system that is integrated to perform higher mathematical computations, 
simulations, visualizations and development. It is easier to use for demonstrations and testing theories 
than programming languages such as C++. It is a standard development and testing tool for many 
engineering, financial and science applications.  
 



18 
 

Keywords:  
Business, Decision Theory, Economics, Exploration, Fractal Analysis, Linear Programming, 
Mathematical Finance, Neural Networks, Portfolio Analysis, Operations Research, Project Valuation, 
Real Options, Risk Analysis, Applied Statistics, Value at Risk, Uncertainty 



19 
 

 

Chapter 1 

A review of elementary statistics 
 
"Chance is the pseudonym God uses when He'd rather not sign His own name."  - 
Anatole France (1844-1924) 
    
"Statistics: The only science that enables different experts using the same figures to 
draw different conclusions."    — Evan Esar (1899-1995), American Humorist.  
 
"The probability of the bread falling buttered side down is directly proportional to the 
price of the carpet."  Anonymous 
 
"Probability is relative in part to our ignorance and in part to our knowledge." – 
Marquis de Laplace 

 



The Scope of Statistics 
 The original name statistics meant information useful to the state. Today it is used more to mean 
quantitative data, which tend to fluctuate in a more or less unpredictable manner, as talked about in the 
newspapers, on the TV news, in business and in economics. In the broader sense, statistics is the science 
and also an art concerned with the collection, presentation and analysis of quantitative data so that we 
may form an intelligent judgment upon these data. Statistics is of great help in the social and biological 
sciences but for quite awhile there did not appear to be a need to use statistics in the more exact sciences. 
However, statistics have now become an integral part of both the physical sciences and engineering.  

Frequency Distributions 
 From the standpoint of a mathematical analysis of statistics, the most important form of data 
arrangement is the frequency distribution. Data needs to be presented in a condensed and organized 
manner to convey a clear understanding. In order to show the frequency distribution we divide the data 
into classes of appropriate sizes to show the frequency or rate of occurrence of the variates in each class. 
These are also called absolute frequencies. 
 A variate is a variable in the domain of real numbers, which can be denoted by letters such as x 
and y.  A variable is a quantity that may take on any value from a given domain; the set of values. A 
variable whose domain includes only one value is called a constant. 
 An open interval denoted by (1,5) is the interval between the number one and the number five 
and does not include the end points. A closed interval denoted by [1,5] does include the end points. The 
new ISO notation used is as  
 

follows: 

] [ { }
[ [ { }
] ] { }
[ ] { }

, |

, |

, |

, |

a b x a x b

a b x a x b

a b x a x b

a b x a x b

⎧ = < <
⎪

= ≤ <⎪
⎨

= < ≤⎪
⎪ = ≤ ≤⎩

  

 
Normally an interval is called left open if it has no minimum such as (0,3] and right open if it has no 
maximum such as [0,3). Note the type of bracket.  
 
 Class intervals are a matter of judgment. The choice of interval sizes that will be used for any 
particular set of variates depends totally upon the nature and character of the data and the purpose for 
their use. 
 
 Cumulative frequency distributions are useful when we would like to see if a number of 
observations are "less than or equal to" or "more than or equal to" a given value. The cumulative 
frequency that corresponds to the upper boundary of any class interval is the total absolute frequency of 
all values less than that boundary. The inverse of the cumulating  process is called differencing. 
 
 In order to be able to graph variables we need to introduce the concept of function. A function is 
denoted by  and implies that the value of y is determined when the variable x is assigned a 
value. Therefore x is called the independent variable and y is called the dependent variable.  

( )y f x=

 
The definition of function is as follows: 
 

20 
 



Let there be a set of values that are assumed by the variable x. Then if to each x in the set there 
corresponds one or more values of  y, then y is said to be a function x in its domain.  
 
If there is only one value of y to each corresponding value of  x then the function is called single valued, 
otherwise y is called multi-valued. 

Probabilities 
 What is probability? There are many descriptions and definitions but the one best suited for our 
use would be separating the probable outcome from the possible outcome. 

 A Look at Combinations 
 Let’s flip a fair coin and ask what the probability is of getting only one head in five tosses. This 
can be restated as requiring five things to happen one at a time, or n items r at a time. This is written as 

the following binomial   ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
r
n

The number of possible combinations of n items r at a time can be computed by: 
 

( ) ( )
!,

! !
n
r

nC C n r
r n r

= =
−  

 

 
The notation 5! means 5*4*3*2*1, thus  n! = n* (n-1) * …*1. Therefore the answer to the coin flipping 

example would be  = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
1
5

)!15!*(1
!5
−

 = 
24

120
 = 5. This then says that there are five possible combinations 

in which we will get only one head. 

An Oil & Gas Exploration Example 
 Suppose that we have a three-well drilling program and we consider the possible outcomes, either 
a dry hole or a successful well, assuming both are equally probable. With only three wells to drill there 
are 23 or eight possible sequences. This would lead us to the chance of one successful well in eight, or a 
probability of 0.125. These outcomes can be predicted by the use of Pascal’s triangle, which is derived as 
follows: 
 
 

( )
( )
( )
( )

0

1

2 2 2

3 3 2 2

1

2

3 3

a b

a b a b

a b a ab b

a b a a b ab b
etc

+ =

+ = +

+ = + +

+ = + + + 3

      1
   1  1  

   1 2 1
'   1 3 3 1

1 4 6 4 1
1 5  10  5 1
etc

Pascal sTriangle

⎧
⎪
⎪
⎪
⎪⇒ ⎨
⎪
⎪
⎪
⎪
⎩

 

 The combination of three things one at a time is written as:   
3
1

3! 6 3
1!(3 1)! 2

⎛ ⎞
= = =⎜ ⎟ −⎝ ⎠  
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 The sum of possibilities of all outcomes must equal one, consequently if we look at a dry hole 
versus a successful well in our three-well program, we get (success + dry) =1. The probability of getting 
one successful well was 0.125, as stated earlier. The probability of getting three successful wells with 
both success and dry being equally probable, i.e.  P(success) = P(dry) = 0.5, would be computed as 
follows: 
 

( )( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( )( )

3 3 33 33 3
3

2 3 23 23 2
2

Probability of success  1
3!3 successes 0.5 1 0.5 1*0.125*1 0.125

3! 3 3 !
3!2 successes 0.5 1 0.5 3*0.25*0.5 0.375

2! 3 2 !

1 succe

n rn r
r rP C P success P

P C P success P failure

P C P success P failure

P

−

−−

−−

= = −

= = − =
−

= = − =
−

( ) ( ) ( ) ( ) ( )

=

=

( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( )( )

1 3 13 13 1
1

0 3 03 03 0
3

3!ss 0.5 1 0.5 3*0.5*0.25 0.375
1! 3 1 !
3!3 Dry 0.5 1 0.5 1*1*0.125 0.125

3! 3 3 !

and knowing that the outcome is ( ) ( ) 1

C P success P failure

P C P success P failure

DDD DDS DSD SDD SSD SDS DSS SSS

−−

−−

= = − = =
−

= = − = =
−

+ + + + + + + =( )3 3 1

3one success= 0.375
8

3Two successes= 0.375
8 1.0
1Three successes= 0.125
8

1Three Dry= 0.125
8

+ + +

⎧ =⎪
⎪
⎪ =⎪

∴ =⎨
⎪ =
⎪
⎪
⎪ =
⎩

 

Thus this is the same result as shown before, since by using Pascal’s triangle we would have 
1 0.125

1 3 3 1
=

+ + +
 for the possibility of three drilling successes.  

 
The binomial probability distribution for 5 successes out of 7 wells with a probability of 40 % each can be 
written as follows.  

( ) ( )

( )
( )7 5 7 57 5 5

5
7!7,5,0.4 *0.4 *0.6

5! 7 5 !
21*0.01024*0.36 0.0774144

BP C S F − −= = =
−

= =

=
 

 
If we now consider : 
 

s = number of successes 
N = number of trials 
p = probability of success 

 
We can then write the following binomial probability distribution: ( ), ,P s n p=B  
 
Thus our three well and three successes example will look like this:  

( ) ( )3 33 3 3
33,3,0.5 1*0.5 *1 0.125BP C S F −= = = =  
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If we change the chance of success from 50% to only 25%, we then have: 

( ) ( )

( )
( )3 3 3 33 3 3 3

3
3!3,3,0.25 *0.25 *0.75 1*0.25 *1 0.015625

3! 3 3 !
BP C S F − −= = = == =

−
 Our chance 

for having three successful wells out of three wells drilled is now 1 in 64. or 0.015625=1.56%.  
 
A more detailed approach would show the following computation: 
 

( ) ( )( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( )( )

3 3 33 33 3
3

2 3 23 23 2
2

Probability of success  1
3!3 successes 0.25 1 0.25 1*0.015625*1 0.015625

3! 3 3 !
3!2 successes 0.25 1 0.25 3*0.062

2! 3 2 !

n rn r
r rP C P success P failure

P C P success P failure

P C P success P failure

−

−−

−−

= = −

= = − =
−

= = − =
−

( ) ( ) ( ) ( ) ( )

=

( ) ( )( )1 3 13 13 1
1

5*0.75 0.140625

3!1 success 0.25 1 0.25 3*0.25*0.5625 0.421875
1! 3 1 !

P C P success P failure −−

=

= = − = =
−

 
As shown above, our chance for a success is now 1 in 64 or 0.015625=1.56%. 
 
 Let’s take a look at a ten-well program with a success rate of 30%. What are our chances of 
getting exactly five successful wells? 

( ) ( )

( )
( )10 5 10 510 5 5

5
10!10,5,0.3 *0.3 *0.7 252*0.00243*0.16807 0.1029

5! 10 5 !
BP C S F − −= = = = =

−
 

thus the probability of getting five successful wells out of a ten-well drilling program when the chance for 
success is 30% is only 0.103=10.3%. 
 Let’s reduce the number of wells in the program to seven and increase the chance for success to 
40%. We then have: 

( ) ( )

( )
( )7 5 7 57 5 5

5
7!7,5,0.4 *0.4 *0.6 21*0.01024*0.36 0.0774144

5! 7 5 !
BP C S F − −= = = = =

−
 

Thus the probability of getting five successful wells in a seven-well program with a chance for success of 
40 % is only 0.077 or 7.7%. 

Binomial Distributions 
 The distributions described above have only two outcomes, either success or failure, and will 
follow a certain pattern called the binomial distribution. By letting the number of events or trials increase 
to a very large or to an infinite amount and then creating a continuous distribution, we can define the 
normal curve.  
 
 It should be noted here that there are many different types of continuous distributions and the 
symmetrical normal curve is only one example of this. In chapter 4 I will treat the different types of 
distributions that show different shapes and lopsidedness or skewness such as log normal, Beta, 
Gaussian, Weibull, etc. and their applications, but for now we will concentrate on the basic concepts of 
the standard normal curve. 
  
The binomial distribution is a Bernoulli distribution, which is equal to one (1) for the success probability 
p and equals zero (0) for the failure probability q=1-p. This then leads to the probability mass or density 
function defined as:  
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( ) ( ) ( )1
       1

; 1   0 ; 1
0      

kk

p if k
f k p p if k f k p p p

otherwise

−

=⎧
⎪= − = ⇒ = −⎨
⎪
⎩

 

 The expected value of the variate or random variable x  is ( )E x p=  and the variance is given by  

( ) ( )1Var x p p= − .  Each term in the binomial distribution is represented by a height ( )f x  of the 
rectangle with a unit base. The area under the curve is the sum of all the terms in the distribution from 

x a=  to x b=  inclusive, so in the interval 
1 1a- ,b+
2 2

⎡ ⎤
⎢ ⎥⎣ ⎦ , 

 see figure 1-1 below, and with the mean of the 

normal distribution being *sμ θ=  and the variance of the normal distribution being 

( ) 2Var x s ( )* * 1σ θ −θ= = , the area from 
1a-
2

 to 
1b+
2

under the normal curve will be represented by 

the area from [ ]1 2z ,z , where 1z

1
2

a μ
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σ

− −
=  and 2

1
2

b
z

μ

σ

+ −
= . 

The area is thus computed from . These values are obtained from the 

probability z tables. 

( ) ( ) ( )
2

1

2

z

z

z dz z zφ = Φ −Φ∫ 1

 

 

Figure 1-1 Left: interval 1 1a- ,b+
2 2

⎡ ⎤
⎢ ⎥⎣ ⎦

       Right: Binomial distributions where n=90 and p=0.3, 0.5 and 0.7 respectively 

 
At this point we will define some terms that are quite frequently used. 
 

Range of Values  
 The range of values is defined as the variation in the data. It describes the minimum and 
maximum and all values in between. 



Mean Deviation 
 The mean deviation is defined as a measure of dispersion from the mean of the data. It is 
computed by summing the differences of the individual values and the mean value and dividing this by 
the number of data points.  
Thus: 

Differences between the individual values and the mean valueMean Deviation
number of data points

MD= =  

Variance 
 The variance is a statistical term and not a descriptive term and is defined as the sum of the 
squares of the differences of the individual values and the mean value, divided by the number of data 
points.  
Thus: 

( )

( ) ( )2

The sum of the squares of the differences between the individual values and the mean valueVariance
number of data points

Variance i

Var x

x x
Var x

N

= =

−
∴ = = ∑

 

Standard Deviation 
 The standard deviation is defined as the square root of the variance.  
Thus: 
 

( ) ( )2

Standard Deviation ix x
SD x

N
−

= = ∑  

Normal Curve 
 If we take repeated measurements on very large samples of a natural population, we create a 
characteristic distribution pattern known as the bell curve , or a normal distribution, or a Gaussian 

distribution, mathematically defined as  ( )
( )2

221
2

x

f x e
μ
σ

σ π

−

= , where 0, >σμ  and ,μ σ  are arbitrary 

and represent the population mean and the standard deviation respectively. Note the population (see 
definition below) mean is not the same as the sample mean! 
 

Figure 1-1A   Normal and binomial distributions 
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