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ABSTRACT 
 
 

Researchers and data analysts are increasingly relying on graphical tools to assist them in 

modeling their data, generating their hypotheses, and gaining deeper insights on their 

experimentally acquired data. Recent advances in technology have made available more 

improved and novel modeling and analysis media that facilitate intuitive, task-driven exploratory 

analysis and manipulation of the displayed graphical representations. In order to utilize these 

emerging technologies researchers must be able to transform experimentally acquired data 

vectors into a visual form or secondary representation that has a simple structure and, is easily 

transferable into the media. As well, it is essential that it can be modified or manipulated within 

the display environment.  

This thesis presents a data-driven modeling technique that utilizes the basic learning strategy 

of an unsupervised clustering algorithm, called the self-organizing feature map, to adaptively 

learn topological associations inherent in the data and preserve them within the topology imposed 

by its predefined spherical lattice, thereby transforming the data into a 3D tessellated form. The 

tessellated graphical forms originate from a sphere thereby simplifying the process of computing 

its transformation parameters on re-orientation within an interactive, task-driven, graphical 

display medium. A variety of data sets including six sets of scattered 3D coordinate data, chaotic 

attractor data, the more commonly used Fisher’s Iris flower data, medical numeric data, 

geographic and environmental data are used to illustrate the data-driven modeling and 

visualization mechanism. 

The modeling algorithm is first applied to scattered 3D coordinate data to understand the 

influence of the spherical topology on data organization. Two cases are examined, one in which 

the integrity of the spherical lattice is maintained during learning and, the second, in which the 

inter-node connections in the spherical lattice are adaptively changed during learning. In the 

analysis, scattered coordinate data of freeform objects with topology equivalent to a sphere and 

those whose topology is not equivalent to a sphere are used. Experiments demonstrate that it is 

possible to get reasonably good results with the degree of resemblance, determined by an average 

of the total normalized error measure, ranging from 6.2x10-5 – 1.1x10-3. The experimental 

analysis using scattered coordinate data facilitates an understanding of the algorithm and provides 

evidence of the topology-preserving capability of the spherical self-organizing feature map.     

The algorithm is later implemented using abstract, seemingly random, numeric data. Unlike 

in the case of 3D coordinate data, wherein the SOFM lattice is in the same coordinate frame 
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(domain) as the input vectors, the numeric data is abstract. The criterion for deforming the 

spherical lattice is determined using mathematical and statistical functions as measures-of-

information that are tailored to reflect some aspect of meaningful, tangible, inter-vector 

relationships or associations embedded in the spatial data that reveal some physical aspect of the 

data. These measures are largely application-dependent and need to be defined by the data analyst 

or an expert. Interpretation of the resulting 3D tessellated graphical representation or form (glyph) 

is more complex and task dependent as compared to that of scattered coordinate data. Very 

simple measures are used in this analysis in order to facilitate discussion of the underlying 

mechanism to transform abstract numeric data into 3D graphical forms or glyphs. Several data 

sets are used in the analysis to illustrate how novel characteristics hidden in the data, and not 

easily apparent in the string of numbers, can be reflected via 3D graphical forms. 

The proposed data-driven modeling approach provides a viable mechanism to generate 3D 

tessellated representations of data that can be easily transferred to a graphical modeling and 

analysis medium for interactive and intuitive exploration.  

 

 

KEYWORDS:  Deformable shape modeling, spherical map, data-driven models, self-organizing 

feature map, scientific data visualization, exploratory data analysis, and numeric data 

transformation.  
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CHAPTER 1  INTRODUCTION 
 

 
 

1.1 The Problem 

Graphical methods are essential tools that assist data analysts and product designers in evaluating 

their data and deriving meaningful inferences, thereby gaining deeper understanding about the 

physical phenomenon characterizing their data. Emerging technologies have made available more 

sophisticated graphical display tools. For example, recent advances in research have 

demonstrated that immersive virtual reality (IVR) can provide a far richer visualization and, 

interactive modeling and analysis medium (Van Dam et al., 2000; Nielson et al., 1997). These 

sophisticated, interactive, task-driven display and analysis media employ the full range of human 

sensorimotor capability and help in providing an insight on huge volumes of experimentally 

acquired data. Generating graphical models with a structure that is simple to manipulate and also 

facilitate replicating real world interactive techniques are issues that need to be addressed in order 

to make use of this technology most effectively (Brooks, 1999). The data-driven modeling 

approach discussed in this thesis presents a viable mechanism to generate a variety of 3D 

graphical forms, or glyphs, of data that enable intuitive and task-driven interaction with 

maximum flexibility and versatility. Several data sets are used to demonstrate the effectiveness of 

the proposed methodology including scattered 3D coordinate data and a variety of abstract 

numeric data sets. The following section briefly discusses the terminology used and the context 

within which they apply before introducing the general data-driven modeling concept. 

 

 

1.2 Basic Terminology 

Data-driven, in this context, implies a process that tries to extract novel characteristics of the 

underlying physical system or phenomenon from strings of numeric data with little or no a priori 

assumptions about the organization of the data (Solomatine, 2002). Structure refers to the 

configuration of the lower-dimensional mapping space that tries to simplify the representation of 

complex patterns inherent in the data. Its purpose is to enhance and display novel features or 

attributes of the data, or the data itself, in a manner that emphasizes other underlying patterns that 

are not easily apparent in the string of numbers, thereby providing a better understanding of the 

physical phenomenon. It therefore forms a basis of connecting or relating the input space 

variables that describe the system’s behaviour and which, by themselves, provide limited 
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knowledge about the details of the phenomenon or the system under study. Topological 

associations apply to neighbourhood relationships between the data vectors in the input space. 

These associations are likewise reflected in the mapping space by establishing connectivity 

between groups or clusters of similar data vectors. It is therefore essential that the map be 

configured in a manner that reflects these associations. Throughout the thesis, ‘map’ signifies the 

structure within the mapping space and is intuitive in the visual sense. It is hence different from 

the mathematical perspective where it is used as a synonym for transformation. The term 

“abstract” is used in conjunction with numeric data  in order to distinguish between the two 

categories of data: spatial (x, y, z) 3D coordinate data of freeform objects, and numeric data for 

scientific visualization that consist of a string of numbers indicating different attributes of the 

physical phenomenon being observed.  

 

 

1.3 General Concept of the Modeling Mechanism 

The research work presented is this thesis discusses a data -driven modeling mechanism to 

generate 3D tessellated graphical representations of data. Its core algorithm utilizes the 

unsupervised clustering algorithm of the self-organizing feature map (SOFM) to adaptively learn 

associations hidden in the data. The topology-preservation capability of the SOFM causes groups 

of similar data vectors to get assigned to identifiable neighbourhoods in its predefined lattice. The 

closed structure of the lattice is utilized to create a 3D graphical form that represents the data 

within a simple structure with known inter-node connectivity thereby making it favourable to be 

intuitively manipulated in an interactive display medium and consequently facilitating an 

exploratory, task-driven analysis.    

A major ity of the research work involving the use of the self-organizing feature map, 

primarily pattern classification, exploit the unsupervised clustering capability of the SOFM. On 

the contrary, the research presented in this thesis gives emphasis to the topology of the predefined 

lattice and explains how it influences the SOFM learning parameters. The predefined lattice of 

the SOFM in this work is a tessellated unit sphere where each node represents a cluster unit. 

Although clustering is the primary function of the SOFM algorithm the discussion is directed 

towards highlighting the merits of its predefined spherical lattice and topology for modeling and 

visualization. It is assumed that the same principles of clustering apply and are as valid as in the 

case of a 1D or a 2D SOFM lattice (Kohonen, 1997).   
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Since there is very limited published literature on the spherical self-organizing feature map, 

the thesis first explains the implementation of the data-driven modeling algorithm using scattered 

3D coordinate data.  This exercise demonstrates the topology preserving nature of the spherical 

self-organizing feature map by generating tessellated representations of freeform objects given 

their cloud of scattered points. Every node in the tessellated representation is therefore a 

coordinate point in 3D space. It is later applied to seemingly “random” multi-dimensional data to 

demonstrate how abstract information embedded in the data set is given a graphical form. Unlike 

in the previous case, every node in the tessellated representation is now an N-dimensional vector. 

In order to create a graphical representation, associations or inter-relationships between the 

numeric vectors are extracted using metrics or mathematical formulations that best quantify and 

relate to some aspect of the physical phenomenon.  The metric may relate the N-dimensional 

vectors of neighbouring nodes (cluster units) and consequently establish a relation between 

groups of similar data vectors or, it may relate a group of input vectors assigned to a particular 

cluster unit.  In this manner, every node has one or more scalar values reflecting some aspect of 

the physical phenomenon. The spherical lattice is then deformed or colourized in proportion to 

these values thereby transforming it into a visual dimension of the display space. The resulting 

colour-coded tessellated form is thus a glyph or a graphical representation reflecting patterns 

hidden in the data. The mechanism provides researchers with an automatic/ semi-automatic 

method to quickly enhance and observe novel characteristics of their data by means of graphical 

representations and assist in gaining deeper insights on the physical phenomenon characterized by 

their numeric experimental data. Unlike in the case of scattered coordinate data, interpretation of 

the graphical representation is complex and largely application dependent.   

In both cases, 3D scattered data and abstract numeric data, the resulting representations 

originate from a tessellated sphere and the connected nodes in the lattice assist in the comparison 

of multiple representations within interactive environments by simplifying the process of re-

orientating the object in the display space. Several different approaches are used to generate 3D 

tessellated graphical representations of data. They have been discussed appropriately to address 

the two general categories of data used in the analysis: scattered coordinate data and abstract 

numeric data for scientific visualization. Three-dimensional coordinate data acquired using 

commercial scanning systems help to illustrate certain novel features of the mechanism that 

would otherwise be difficult to understand and perceive in the case of abstract numeric data. The 

objective is to present the versatility of the spherical deformable map algorithm and the potential 

of its applicability in data modeling and visualization using innovative immersive virtual reality 

technology.  
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1.4 Overview of the Thesis  

The thesis first explains in Chapter 2 the Sammon’s mapping method and the multi-dimensional 

scaling method that, like the self-organizing feature map, retain some notion of topology. It then 

provides an elaborate discussion on the self-organizing feature map learning strategy and the 

influence of the topology of its predefined lattice on data organization. Chapter 3 discusses the 

data-driven modeling mechanism when it is implemented using scattered 3D coordinate data 

followed with several examples in Chapter 4 to illustrate its performance. The examples 

demonstrate two cases, one in which the integrity of the map is maintained during learning and 

the second, wherein the topological connections are updated during learning. Implementation of 

the data-driven mechanism using abstract numeric data is explained in Chapter 5. Various 

examples illustrating its application are presented in Chapters 6. The examples include chaotic 

attractor data, simulated six-dimensional data, Fisher’s Iris flower data, Wisconsin breast cancer 

data, geographic and annual snow-coverage data. These examples demonstrate the capability of 

the mechanism to generate consistent, reproducible, colour-coded shapes that represent the 

numeric data and reflect underlying associations (natural clusters) in the form of variations in 

colour and surface geometry of the 3D graphical representations (glyphs). In conclusion, Chapter 

7 summarizes significant results and suggests recommendations to resolve limitations and to 

further improve the method. 

 Appendix A provides examples of scattered 3D coordinate data that are not included in 

Chapter 4. Tables of the chaotic attractor parameters and the simulated high-dimensional abstract 

numeric data, used in Chapter 6, are included in Appendix B. Preliminary work involving the 

utilization of the tessellated representations of scattered 3D coordinate data in rigid and non-rigid 

shape transformations are summarized in Appendix C.  
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CHAPTER 2  THE SPHERICAL SELF-ORGANIZING FEATURE MAP 
 
 

2.1 Introduction 

The proposed data-driven modeling method utilizes a deformable map that is initialized by a 

tessellated unit sphere with predefined topological associations between the nodes of the spherical 

lattice. The map learns the topology of the input space using the weight adaptation strategy of the 

self-organizing feature map (SOFM). This chapter discusses other unsupervised mapping 

methods that maintain topology before presenting an overview of the fundamentals of the self-

organizing feature map and its learning strategy. It highlights the merits of using a spherical 

topology in the predefined lattice of the SOFM architecture. It also provides a discussion on how 

the proposed method compares with the Sammon’s mapping approach and the multi-dimensional 

scaling method. In conclusion, it summarizes key points that justify the selection of the self-

organizing feature map in this particular research work.  

 

 

2.2 Unsupervised Topology Mapping Methods  

This section briefly discusses the two primarily used methods, besides the self-organizing feature 

map, that generate mappings that try to preserve some notion of input topological associations – 

namely the Sammon Mapping method and the statistical method of Multi-Dimensional Scaling.   

 

2.2.1 Sammon’s mapping method 

The Sammon’s mapping method (Sammon J.W.Jr., 1969), is a non-linear mapping approach that 

maps high-dimensional vectors to a lower-dimensional space while preserving inherent geometric 

relationships among subsets of data vectors in the input space. The algorithm involves a point-to-

point mapping from the N-dimensional space to the lower (2 or 3) dimensional space such that 

inter-point distances are approximately preserved. If there are P data vectors in the N-dimensional 

space (ℜN), XP such that xp = [ p
N

pp xxx ,...,, 21 ], where p = 1, 2, … P, and the mapped space is 

denoted by D, where D ∈ ℜ2 or ℜ3, then the cost function Esammon of the mapping operation is  
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where  

 ],[ ji xxdistδ ij = , (2.2a) 

and 

 ],[ ji yydistd ij = , (2.2b) 

 

( ji xx , ) ∈ ℜN, ( ji yy , ) ∈ ℜ2 or ℜ3, i = 1, 2, … , P and j = 1, 2, … , P (Sammon J.W.Jr., 1969). 

The initial starting configuration of D is generally defined by an orthogonal projection of the N-

dimensional vectors onto the D space.  

  

2.2.2 Multi-dimensional scaling method 

Multi-dimensional scaling (MDS) is another technique that like the Sammon’s method, does a 

point-to-point mapping, by preserving inter-point distances. Given a set of P data vectors in the 

input space, associations in the Euclidean sense, between approximately P(P-1)/2 pairs of points 

are preserved in the low-dimensional space (Duda and Hart, 1973). The cost-function for finding 

an optimum configuration in the low-dimensional space may be defined as below:  

 

 EMDS - 1 = ∑∑ <

−
P

ji

ijdδ
)(δ

2
2 )(1 ij

ij  , (2.3a) 

 

 EMDS - 2 = 
2

∑
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2)(1
 , (2.3c) 
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where ijδ is the measure of dissimilarity in ℜN while, dij is that in ℜ2 or ℜ3, i = 1, 2, … , P and j = 

1, 2, … , P.  EMDS - 1 emphasizes largest errors in the mapping operation, EMDS - 2 emphasizes 

largest fractional errors, while, EMDS - 3 is a compromise of the previous two as it emphasizes the 

largest product of the two errors and has also been implemented in the Sammon’s mapping 

method. The initial configuration in the low-dimensional space is chosen randomly or by using a 

projection of the vectors along the direction of largest variance. 

 

 

2.3 Self-Organizing Feature Map (SOFM)  

The self-organizing feature map (Kohonen, 1997) is an unsupervised clustering algorithm that 

develops a set of “internally ordered” cluster units (nodes) by exploiting hidden redundant and 

complementary feature vectors and tries to preserve topological associations of the input space 

within its predefined lattice. A continuous input space of activation patterns is mapped onto a 

discrete output space of nodes, arranged on a predefined lattice, by a process of competition 

among nodes in the SOFM network (Haykin, 1999). The response of the network, to an input 

pattern presented to it, is interpreted in terms of the position of the node in the predefined lattice 

or the weight vector of a node closest to the input pattern in the Euclidean sense.  

If χ represents the N-dimensional spatially continuous input space that comprises of a set of 

{XN} activation patterns, whose topology is defined by metric relationship of the vectors xp
 ∈ χ , 

and ϖ denotes the spatially discrete SOFM space, then, in the mathematical sense (Haykin, 1999) 

the SOFM non linear transformation may be expressed as  

 Φ : χ → ϖ (2.4) 

where Φ the SOFM non-linear mapping between the input data space and the weight vectors of 

the SOFM space, Figure 2.1. Every input vector gets assigned to a cluster unit in the discrete 

SOFM space. The weight vector of the assigned cluster unit forms a representation of the input 

vector and may be considered as an image of that cluster unit when it is projected in the input 

space.  

 

 

 




